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Abstract--A procedure isdeveloped for computing the pressure and velocity distributions on the surface 
of thick helicopter-rotor blades in hovering flight with particular attention directed at the distributions 
near the blade tips. The fluid medium is incompressible and inviscid. The lifting rotor and its wake are 
represented by vortex systems which, for the most part, satisfy the Helmholtz theorems. The vortex 
systems include thin. superimposed, vortex sheets whose filaments are oriented in the blade spanwise 
and chordwise directions and are constrained to move along the blade surfaces, force-free, inner-wake 
vortex sheets which are shed from the blade-trailing edges and concentrated tip vortices of prescribed 
geometry which are shed from the vicinity of the blade tips. A lifting-line, two-dimensional, blade- 
element approach is used to determine initial values of the vortex-strength distributions and inner-sheet 
geometries. A transfer is then made to the thick-bladed system and an iterative vortex-panel procedure 
is used to reach essentially converged results. The computed pressure distributions inthe blade-tip region 
show good agreement with model data, but improvement is needed in the region of the upper surface 
where the pressure field is dominated by the formation of the tip vortex. Since the objective was to 
establish the viability and limits of perfect fluid modeling, the results indicate that viscous-flow modeling 
may be necessary only in this region of limited extent. 
NOMENCLATURE 
a 2D lift-curve slope for specified Reynolds number 
a,, blade-coning angle 
a* 2D potential-flow lift-curve slope 
r radius of blade section from axis of rotation, y cosa,3 
R blade-tip radius 
v, component of induced velocity normal to tip path plane 
x blade-chord station 
v blade-span station 
Y radius at which half-body-of-revolution tip joins blade 
z dimension ormal to blade chord and span 
et spanwise component of blade-surface sheet of vorticity 
13 component of blade-surface sheet of vorticity that is tangent to surface and perpendicular toct 
0 measured blade-pitch angle 
0,t effective (reduced) blade-pitch angle 
inflow angle, -v,/flr 
X blade-surface slope parameter, [1 + (dz/d.t):] ~ :
tq blade rotational speed 
Subscripts 
bs blade surface 
ftv far-field tip vortex 
ntv near-field tip vortex 
ts trailing inner-wake sheet 
t blade rotation 
w wake 
tr blade surface 
INTRODUCTION 
An important goal for the rotary-wing aerodynamicist is to have the capability for accurately 
and economical ly predicting blade-loading distributions. The analyses may be based on mo- 
mentum theory or classical, free or prescribed wakes in combination with two-dimensional 
blade elements, lifting lines, lifting surfaces or thick blades. Since the prescribed-wake, lifting- 
line, blade-element method[ ! ] was introduced for hovering and low-speed forward flight, con- 
tinuous improvements[2] to the hovering method and extensions[3] to include lifting surfaces 
have been made. Summa and Clark[4] developed a prescribed- and relaxed-wake representation 
which used a lifting-surface model for the blade. The local -momentum theory[5] was also 
extended to couple with the prescribed-wake model[6]. Sopher[7] calculated the chordwise- 
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velocity distribution on the surface t'or nonlifting rotor blades in hovering by using source- 
singularity and perturbation assumptions. Shenoy[8] used a thick-blade, lifting model and an 
iterative vortex-panel method to avoid inverting a large, full matrix. 
In parallel, the flee-wake analysis[9] has been developed. Csencsitz[ 101 used a piecewise- 
constant doublet and a noncontracting wake. Morino[I 1] presented a formulation for the free- 
wake analysis of a rotor in incompressible potential flow. A fast flee-wake analysis was applied 
to the rotor problem by Miller[121. Another flee-wake analysis was developed by Bliss[13] 
who used curved vortex elements in a manner somewhat similar to that in Ref. I to improve 
the computational efficiency and accuracy. The free-wake methods require extensive compu- 
tational resources. Further, the computed wake configurations do not correspond well with those 
physically observed. Particularly, the methods assume that the vortex filaments leave the blade 
at the trailing edge only. This assumption is acceptable for the inner wake. but the tip vortex, 
under this assumption, will not roll up as quickly as experiment seems to indicate. The flow 
field around the tip is very much similar to that of the leading-edge separation of delta wings 
at high angles of attack. Failure to include this flow-separation factor prevents the analyses 
from predicting accurate loadings near the blade tip. 
Long[141 proposed a method which was based upon Farassat's acoustic formulation[15]. 
His analysis treats the surface pressure as the dependent variable. A major advantage in using 
this formulation is that there is no need to integrate over the wake. However. since a linearized 
small-perturbation theory is used, the analysis cannot accurately predict the pressure distribution 
around the tip. 
In the light of the preceding discussion, it is seen that a method capable of treating the 
detailed tip-vortex shedding is required. Maskew[ 16] studied the application of panel methods 
to the calculation of vortex/surface interference characteristics in two-dimensional flow over a 
range of conditions. He also investigated the influence of rotor-tip shape on tip shedding using 
a time-stepping procedure. Summa[17] has also developed a method to predict the pressure 
distribution on the surface of a thick-bladed rotor with a prescribed wake. Because of the lack 
of a tip-vortex shedding and roll-up mechanism, the prediction of the flow field which was 
influenced by the tip vortex in the tip region was not satisfactory. Liu et al.[ 18] have used an 
incompressible Navier-Stokes formulation to study the vortex wake of a rotor in hover and a 
lifting-surface model to compute the blade-bound-circulation distribution. While the circulation 
distribution was similar to that determined from experimental data and the tip-vortex roll-up 
was reasonably rapid, the wake contraction did not correspond to that measured and tip loadings 
were not determined. 
It is known that the flow around the tip of a rotor blade will roll up to form a complex 
vortex system above the blade surface. The low pressure associated with this vortex as it sweeps 
rearward over the upper blade surface generates additional thrust and torque. Integration of the 
measured pressure distributions[19] on a blade having an aspect ratio of 4.8 and a blade- 
collective-pitch angle of 11.4 ° shows that the outermost 6% produces 12% of the total thrust 
and absorbs 21% of the total power. Doubling the aspect ratio may approximately halve the 
effect, but its determination is still important for performance prediction. A reasonably accurate 
method would appear to require a thick-blade model and a Navier-Stokes formulation. However, 
the approach taken here is to treat the flow as incompressible and inviscid and to restrict the 
vorticity in the flow to thin sheets and concentrated, nondissipative tip vortices. Blade thickness 
is retained in this potential-flow modeling. The objective is to determine how satisfactory such 
a simplified potential model would be in computing surface pressures and to delineate the 
regions in which viscous-flow modeling is required. The study is an extension of the methods 
and procedures of Ref. 8 in which numerical experimentation is used to investigate and define 
certain perceived problems in vortex modeling. A complete description of the analysis is pre- 
sented in Ref. 20. 
FLOW MODEL 
This exploratory study is primarily directed at developing a method for predicting the three- 
dimensional blade-tip relief and the effect on the pressure distribution of the rearward sweep 
of the developing tip vortex over the upper surface of the blade tip for a hovering helicopter 
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rotor. Since a complete Navier-Stokes formulation is not feasible at the present ime, the 
emphasis i  on potential-flow modeling in order to delineate the regions in which this appears 
to be satisfactory in comparison with experiment and those regions in which viscous-flow 
modeling is required. The basic flow model is identical with that described in Ref. 8. and a 
brief outline of this model is given below. The differences in flow modeling with that reference 
are given in more detail. 
The fluid medium is incompressible and inviscid. The assumption of incompressibility is 
a reasonable one, since the experimental data used for comparison is for a rotor having low tip 
speeds. The assumption of no viscosity makes the problem more tractable from the computing 
viewpoint, but there is no mechanism for vortex shedding or vorticity transport other than in 
accordance with the Helmholtz vortex theorems, or for vortex dissipation. It also becomes 
necessary to define or specify the Kutta condition. In some respects, the real viscous effects 
can be approximately accommodated by specifying the location of separation lines. However, 
potential-flow analyses are incapable of accounting for Reynolds-number effects and profile 
drag. The Reynolds-number effect on the airfoil-lift-curve slope is approximately accounted for 
by reducing the blade-collective-pitch angle. An effective blade-pitch angle is thus computed 
by reducing the section angle of attack at the blade radius where the blade-bound-vortex strength 
is a maximum by the ratio of the two-dimensional measured lift-curve slope to the computed 
potential flow-lift-curve slope. Therefore, as an approximation, 
O~f = ~a, -  arc tan - = ~-~(0 + ~) - ~, (1) 
which is similar to simpler analyses in which an effective li•curve slope is used and a blade- 
pitch angle is computed to produce the required thrust. The radius where the blade-bound vortex 
strength is a maximum is selected because the analysis assumes that this strength is also the 
strength of the trailing-tip vortex. It is recognized that this simple adjustment alters the flow 
about the leading edge and results in discrepancies in the pressure distribution in this region. 
However, the results of the redistribution analysis how that some compensation is provided 
by the procedure, at least in the tip region. The effective blade-pitch angle is determined for 
the initial lifting-line solution described below and is not subsequently changed except for the 
last two cases investigated in which it is adjusted from iteration to iteration. 
Again, because of the exploratory nature of this investigation a d to simplify the procedures. 
it is required that the thrust and the corresponding blade-collective-pitch angle be known for 
the given rotor geometry, so these values and the blade geometry are selected from Ref. 19, 
and the corresponding prescribed tip-vortex geometry isobtained from Ref. 21. A procedure[221 
is then used to determine the strength of the tip vortex. In this procedure, a lifting-line/blade- 
element model and the measured blade-pitch angle are used to find the value and radial location 
of the maximum blade-bound circulation. This is an iterative procedure which determines an 
initial value for the tip-vortex strength from the ultimate wake geometry, uses the blade-element 
theory (a procedure developed in Ref. 23) to find the value and location of the maximum blade- 
bound vortex strength, assigns this new strength to the tip vortex, and iterates between the 
ultimate wake and the blade until there is no further change. This process assures that the tip- 
vortex strength isequal to the maximum bound vortex strength and that the ultimate wake model 
satisfies the free-vortex conditions. This iteration is only on the vortex strength, and no changes 
are made to the prescribed tip-vortex geometry. Twelve revolutions of the tip vortex and a 
curved, helical geometry are employed. 
The next step is to determine the geometry of the vortex sheet hat is shed from the blade 
trailing edge inboard of the point of maximum bound circulation. This geometry is based on 
wake-visualization studies[21], and while the procedure is similar to that of Ref. 23. its deter- 
mination is very much simplified as a result. The method uses the lifting-line, prescribed-wake 
model. The blade radius at which the bound circulation is 95% of the tip-vortex strength is 
determined and an axially symmetric, ontracting surface which is proportional to that along 
which the tip vortex moves is constructed. The outer edge of the inner sheet is assumed to 
move along this surface. Its axial position on this surface is found by starting at the lifting line 
and integrating the axial component of induced velocity associated with the lifting line and the 
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tip vortex as the blade rotates away from the point. The integrations are performed in radial 
planes with azimuthal spacings of 10 ° during 10 ° steps of blade rotation for four blade revolutions 
along the constructed, contracting surface. The points so determined are connected with straight- 
line vortex elements which then define a continuous, contracting vortex filament whose strength 
is equal to 10% of the maximum bound vortex strength. Using this filament and the tip vortex, 
the blade radius at which the circulation is 85% of the maximum is determined. However, 
instead of integrating the axial-velocity components, the geometry of this second filament is 
constructed in proportion to the first filament. The process is continued until the blade root is 
reached at which point the remaining circulation is shed. The result of this simple process is 
that the points of intersection of each filament with any azimuthal plane lie on a straight line 
which is consistent with that observed in flow-visualization studies of constant chord, untwisted 
blades. The inner-sheet geometry as so determined is not changed in succeeding computations 
except for the last case investigated. The filament strengths are changed to preserve strength 
continuity according to the Helmholtz vortex theorems. This simple model for the inner sheet 
and fixing its geometry considerably reduces the computational effort. It will probably lead to 
some errors in pressure distribution on the inboard elements, but there should be only a small 
effect in the tip region which is the primary concern. 
With the tip-vortex geometry prescribed, its strength determined, the free-vortex conditions 
satisfied and the inner-vortex-sheet g ometry fixed, the lifting-line model is replaced with the 
thick blade of the test model[19]. The test blade has a NACA 0012 airfoil section and a half- 
body-of-revolution tip, so that the blade surface is precisely defined analytically by 
±t = 0.6(0.29690 x ~2 - 0.12600x - 0.35160x: + 0.28430x 3 - 0.10150xa), (2) 
where t is the thickness distribution symmetrical bout he chord line and x is the chord location, 
both expressed as fractions of the chord. This airfoil section has a blunt trailing edge. For 
practical reasons, the Kutta condition is satisfied by requiring that the chordwise component of 
flow velocity be zero at points off the trailing edge defined by the intersection line of the 
extended upper and lower surfaces. 
For the potential analysis, the solid blade is replaced by a fluid region having the same 
dimensions as the blade and bounded by thin vortex sheets. The conditions imposed on this 
region are that the fluid velocity normal to its surface and the velocity of the fluid bounded by 
the surface be zero with respect o the surface. The thin vortex sheets representing the blade 
surface have vorticity components in both the spanwise (a-vorticity) and the chordwise (13- 
vorticity) directions. The 13-component is shed from the blade trailing edge to form the inner 
vortex sheet. An adjustment must be made, however, due to the previous modeling. As an 
example of this adjustment for the filament at the 95% radius, the point located in the first 10 ° 
plane aft of the blade trailing edge is connected to the blade trailing edge at the 95% radial 
station by a straight-vortex filament. Other filaments are treated in a similar manner. Then, for 
10 ° in azimuth aft of the trailing edge, the single filament is replaced by a sheet whose strength 
distribution is equal to the shed [3-vorticity. For azimuth angles of greater than 10 °, the vortex 
sheet is approximated by discrete, finite strength filaments. 
An initial et-vorticity distribution is obtained by treating each blade section as a two- 
dimensional airfoil and applying the well-known potential methods. These methods require a 
relative wind vector with respect o the section chordline and this is obtained from the lifting- 
line model and its trailing-vortex system. Then the local chordwise distribution of the et-vorticity 
is found by satisfying the boundary condition of no flow normal to the blade surface. The 
difficulty at this point is that the predicted lift-curve slope is much too high when compared to 
the measured two-dimensional value for the test Reynolds number. The Reynolds-number effect 
is therefore approximately accounted for by separating the a-vorticity into a nonlifting or 
thickness contribution, "h, and a lifting or circulatory contribution, ~/.,, and reducing the lifting 
contribution by the ratio of the measured to the potential lift-curve slopes. Thus 
Ot a 
U~ ~/, cos cx, + ~-~ "~,_ sin c~,, (3) 
Numerical investigation of blade tip loadings 57 
where 
U 2 ~~2 • ~= re+v7 
and the plus sign refers to the upper surface. ~t and ~_, are determined for unit flows parallel 
and perpendicular to the chordline, respectively, and by forcing the stagnation point to occur 
at the trailing edge. The unit flows are with respect o the chordline in this case since the test 
airfoil is symmetrical. One advantage of this superpositioning approach is that "h and 2t_, need 
only be computed once, and then the a-distribution may then be easily computed for any 
effective angle of attack. For the analysis that follows, the adjustment is made in blade-collective- 
pitch angle as shown in eqn (I). 
The a-vorticity distribution obtained from eqn (3) varies from blade section to blade section 
because both the local relative wind and effective angle of attack vary with radius. Theretbre, 
there must be 13-vorticity to maintain vortex-sheet-strength continuity according to the Helmholtz 
theorems. Since the analysis is performed in the blade-fixed reference system, the on-coming 
flow appears to be rotating as a solid body. The continuity condition is then 
aa I al3 
- 2 f l  (4 )  
Oy × ax 
for all points on the blade surface. 
The blade upper and lower surfaces are each divided into curved panels with 19 panels of 
varying width in the chordwise direction, six panels of equal width in the spanwise direction 
to describe the inboard sections, and six or 12 panels of equal width in the spanwise direction 
to describe the tip region. The half-body-of revolution tip is divided into six equal-area lunes 
and 19 chordwise elements to match those of the airfoil sections. The a- and 13-vorticity 
distributions are assumed to vary linearly along the edges of the panels and to match the 
distributions of the adjacent panels. At the extended trailing edge of the blade, the a-vorticity 
is zero and the 13-vorticity is shed to form the wake-vortex system. For the initial distribution, 
the a-vorticity is simply extended around the tip with a linear variation in strength to match 
the a-vorticity on the upper and lower surfaces. These initial distributions are not correct and 
represent starting values for the iterative redistribution process. The results in Refs. 8 and 24 
show that inboard sheet-strength distributions are little changed in the process, but the changes 
in the tip distributions are very significant. 
The tip-vortex formation and roll-up mechanisms are complex phenomena, nd there is 
little empirical information for modeling purposes. A viscous flow analysis is certainly required, 
but this is beyond the capability of present-day computers for the complete blade and its vortex 
system. However, a largely potential-flow solution coupled with viscous modeling which is 
restricted to a region of limited extent may be feasible. The primary objective of this investigation 
was to employ fully potential-flow modeling and empiricisms which are reasonable to delineate 
the region in which viscous-flow modeling is necessary. With this view in mind, the tip vortex 
is divided into two parts: a near-wake section which represents the developing tip vortex 
extending over the first 15 ° of azimuth aft of the blade-pitch axis and forced to join at this point 
with the far-wake section which is the prescribed wake. No attempt is made to match the 
curvatures of the two sections at the matching point. This definition is at variance with the 
definitions of near and far wake in the literature where the near wake is the first several turns 
of the tip vortex and the far wake is the remainder. The emphasis in this paper is on the numerical 
experimentation of the near-wake geometry and vortex-strength distribution. The latter strength 
is always forced to equal the prescribed tip-vortex strength at the match point. Details of the 
near-wake modeling are given in a later section. 
The flow model except for the near wake is now defined. The geometry of the various 
vortex systems are known. An initial a- and 13-vorticity strength distribution for the blade 
surfaces, a trailing vortex-sheet-strength distribution and a tip-vortex strength ave been deter- 
mined. The vorticity redistribution procedure begins by using the Biot-Savart law to compute 
the velocity component associated with all the vortex systems and tangent to the blade surface 
at selected points on the surface. These control points are the geometric enters of the panels. 
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The integration is over the entire system except for the surface clement, -~S, ~urrounding the 
control point. If ~S is assumed to be planar, then it can induce no tangential ~elocitics within 
the plane of the element and the tangential velocity vector at the control point represents the 
transport velocity of the element as it is constrained to move along the blade surface. The 
vorticity vector is therefore in the plane of ..XS and at right angles to the tangential velocity 
vector. Since the "fluid" enclosed by the blade surfaces must be at rest relative to the surfaces, 
the magnitude of the tangential velocity vector is equal to one-half the strength of the vortex- 
sheet element, AS. Thus 
~'~.  = I Vb~ + Vt-,~ + V,,~ + V, + (D. x r~, I = ~(c~-" + [3-') ~ -'. (5) 
where the terms in the vector notation are the tangential-component velocity vectors due to, 
respectively, the blade-surface vorticity distribution, the far-wake tip vortex, the near-wake tip 
vortex, the trailing vortex sheet and the blade rotation. The magnitude of the flow velocity 
exterior and immediately adjacent o the surface sheet is 
U = ~/zs- (6) 
A more complete discussion of this type of potential-flow modeling is given in Ref. 25. 
New a- and [3-vorticity distributions along the boundaries of all of the panels are determined 
by using a linear interpolation scheme between the centrally located control points. The distri- 
butions are matched along common boundaries of adjacent panels, and vortex-strength continuity 
is satisfied consistent with eqn (4). A new trailing-sheet strength is also determined, but all 
geometries are kept as initially set. The process is repeated until acceptably converged values 
are obtained. Fairly good convergence is reached over most of the blade alter three iterations. 
and good overall results are obtained after five iterations. 
The pressure distribution on the blade surface is computed after an essentially converged 
solution of the surface-vorticity distribution is obtained. The appropriate quation which was 
obtained by integrating the momentum equation in the blade-fixed system is 
p -- p~ = ½p~'~2[(X COS Ocf -~ 2 sin 0~,)-' + y-'] - ~oU 2, (7 )  
where x is measured along the chord line, positive aft of the blade-pitch axis. z is the blade 
thickness relative to the chord line, and y is the radius of the blade section measured along the 
blade-pitch axis. This equation does not include coning-angle or flapping-hinge offset effects. 
because the coning angle is only a fraction of a degree, and the offset is zero for the blade, for 
which measured pressure distributions are available. The more complete quation is given in 
Ref. 20. 
MATHEMATICAL FORMULATION 
It is appropriate to describe inviscid flow as an approximation of a high-Reynolds-number 
viscous flow involving thin boundary layers and no flow separation. For such a largely potential 
flow, the integral representation f a general viscous flow[261 reduces to a single-boundary 
integral equation which is the basis of the vortex-panel methods for solid bodies and their wakes. 
For an incompressible inviscid flow, practically all of the information is contained in the 
kinematic relation (variations of the Biot-Savart law I, and the pressure is obtained independently 
from the momentum equation. 
A blade of an isolated, hovering rotor is then represented by a "'bound" sheet of vorticity 
which is constrained to move along the blade surface and is shed to form a free-wake vortex 
system. With respect o the rotating blade, the vorticity-strength distributions and geometries 
are independent of time, but the entire fluid region external to the blade is rotating as a solid 
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body. Then the kinematic relation becomes 
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if, v = 4~r ~t,, x F,,(r0, r) dS, + ~ ~t,, x F~.(r0, r) dS,. 
+ blade rotation contribution, 
(8) 
where the integrands represent the vector cross-products of the vortex-element strength and its 
relevant, purely geometric, expression relating the location of the element o the control point 
under consideration. The integration is performed for each control point over the entire vortex 
system: the blade-surface sheet, S,, and the free-wake system. S,,. 
The blade-surface-sheet-strength distribution, ~/,~, consists of spanwise vorticity, at, and 
chordwise vorticity. 13. The wake system is composed of a trailing, inner vortex sheet of strength 
distribution. %~, a far-field tip vortex (the prescribed wake portion) with a volume strength 
distribution, %-~. and a near-field tip vortex with a volume strength distribution, ~,~, forming 
at and above the blade tip and extending to the match point, (r,,,, ~,,), with the far-field tip 
vortex. According to the zero-velocity condition for the "f luid" inside the blade surface, the 
local vortex-sheet strength is equal to twice the local surface velocity, i.e. at = 2v,,e,~ and 
13 = 2v~%, where v~ and v~ are the total velocity components associated with and perpendicular 
to at and 13. respectively, and tangent o the blade surface. 
The kinematic relations and the boundary conditions, together, express the velocity in the 
blade-fixed coordinate system as follows, where the subscript ~/refers either to the at or the 13 
components: 
v~ = t,~b, + v~,~ + v~f,v + v~,tv + v~rc, (9a) 
~, = 2v~e~, (9b) 
1 f (at + 13) x F,,(r0, r)-t~ dS, (I0) v.~bs = 4-~ 
'f v,,, = 4"-'~ %'(at' 13) x F~,(ro. r(%~)) • g dS, (11) 
'/ v~t;, = 4--~ %'~(at' 13) x F,-,v(ro. r(%-,O) • g dV. (12) 
1 f "Y~,.(at. 13) x F.,~(ro. r(~/,,~)) •t~ dV. (13) V'~ntv = 4"-~ 
v~,~ = external fluid solid-body rotation contribution, (14) 
where the ~,(at, 13) terms imply vorticity-strength continuity from the blade into the wake, the 
F's are functions of relative geometry, the tip-vortex integrations are over the volume, V, which 
is representative of a finite core size, and t., is the appropriate direction cosine vector whose 
vector dot product yields the velocity component tangent o the blade surface and at right angles 
to the corresponding surface filament. Initially, only F,,(ro. r) and v~ are known. The auxiliary 
condition is that the pressure difference across the wake sheets is zero. Hence the sheet vortex 
strengths are constant in the wake and equal to the change in the bound circulation at the trailing- 
edge segment from which the sheet filaments are shed. Because eqns (10)-(13) are highly 
coupled and in order to reduce the computations required, suitable models are used so that the 
system equations can be solved economically. 
As described in the previous ection, the lifting-line model is used to find the inner-trailing 
vortex-sheet geometry and its initial strength distribution, F,~ and ~/1~(~,, 13) in eqn (11), re- 
spectively, and the initial values for the blade-surface-sheet-strength dis ribution, (at + 131 in 
eqn (10). The details are given in Ref. 20. The lifting line is assumed to be straight and to pass 
through the aerodynamic centers of the blade airfoil sections. The geometric hanges due to 
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structural bending are neglected except hat an allowance for blade coning is incorporated. The 
,,ake-vortex system joins directly to the lifting line. 
A sufficiently accurate theoretical method, relative to empirical methods, for determining 
the tip-vortex geometry is not available. Current state-of-the-art methods for predicting hovering 
performance are based on measured tip-vortex geometries, and since these methods have been 
shown to yield good thrust Ioadings and power requ i rements [ l -3 ] ,  a prescribed tip-vortex 
geometry is used in this analysis. For the lifting-line model, the prescribed tip-vortex geometry 
begins at the blade tip, but in the thick-blade analysis, it is assumed to begin aft of the trailing 
edge at the match point, (r,,, ~,,), and is extended infinitely far down the wake in both cases. 
Simple mathematical expressions which accurately describe the tip-vortex geometry relative to 
the blade but not near the blade tip have been shown[21] to have the form 
r = R[A  + (1 - A)e-h+], +,~ -< tb, (15a) 
z = RKlqs, tb,,, <- tb <- 2r r /b  (15b) 
z = 2~rRK~/b + RK,_(+ - 2~r/b) ,  2~r/b -< tO, (15c) 
where A is the contraction ratio, X is a measure of the contraction rate, and K~ and K2 represent 
axial displacement rates. These geometric parameters are obtained from measured ata[ 1-3,27]. 
The near-field tip vortex is formed as the boundary layer separates from the blade tip, rolls 
up into a limited volume of concentrated vorticity and sweeps rearward over the blade upper 
surface to join the prescribed wake at the match point. An analysis for predicting accurate 
pressure distributions would seem to require both thick-blade geometry and viscous-flow mod- 
eling, at least in a limited region of the tip. However, such analyses, while in the development 
stage, have not been demonstrated, but in any event will be costly for the computational effort 
required. For these reasons, it is appropriate at this time to investigate the purely potential 
approach, although a tip-vortex formation mechanism will be missing. The primary advantage 
here is that the contribution of the entire vortex system except for the near-field tip vortex can 
be determined, and numerical experimentation near-field tip-vortex models can proceed by 
simply adding the contribution of different models. This is possible because of the nature of 
the mathematical formulation of potential flows. 
A strong concentrated vortex passing closely over a rotor blade or any suface will induce 
high-suction pressures on the surface. This pressure distribution is associated with the change 
in the velocity component tangent o the surface due to the close passage of the vortex. This 
change in velocity on the surface requires a corresponding change in the surface-vortex-sheet- 
strength distribution in order to maintain the zero-velocity condition in the "fluid" within the 
surface. 
To demonstrate he effect and to validate the mathematical nd numerical formulations, a 
flow model for which an explicit solution can be obtained is shown in Fig. 1. This figure 
represents an infinite-length, straight-line, concentrated vortex of strength, F, located a vertical 
distance, h, above and parallel to a flat plane of infinite extent. The fluid is incompressible and 
inviscid so that potential methods are applicable. The solution for the velocity field in the upper 
half plane is a simple matter using the Method of Images. From the viscous flow viewpoint, 
the vortex induces a boundary layer on the plane which for present purposes is replaced by an 
infinitely thin vortex sheet of strength, "/ = y(x), whose filaments of vorticity are parallel to 
the concentrated vortex and lie in the plane of the surface. The strength of this sheet is determined 
by the tangential velocity induced in the surface by the vortex subject o the condition of zero 
velocity in the entire lower half plane of this two-dimensional flow. Thus 
F h-" 
u0 - (16)  
2"rrh x-" + h -~ 
and 
- F h: 
y = -2uo = - uo- wh .r-" + h 2" (17) 
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where I" is a positive quantity as shown, u0 is the x-component of velocity in the plane z = 0, 
and ud" is the x-component of velocity an infinitely small distance above the plane. Integration 
of "y over x shows that the total sheet strength is equal to - F, so that the condition of no net 
vorticity is satisfied. 
As a further check, the Biot-Savart law was applied to both vortex systems to find expres- 
sions for the x-component, u, and the z-component, w, of the resulting velocity field. The 
results for the upper half plane are 
2"rrhu h 2 - hz h 2 + hz 
= + (18)  
F x 2 + (h - z): x: + (h + z):' 
2"trhw hx hx 
F x 2 + (h - z)-' x'- + (h + z) 2, 
(19) 
where the first term on the right of both equations is the contribution of the concentrated vortex. 
These results are, of course, identical with those found by the Method of Images. Substitution 
ofz  = 0 ÷ in eqn (18) yields eqn (17) and in eqn (19) shows that on the surface, w = 0, which 
satisfies the normal boundary condition. A similar development for the lower half plane showed 
that u and w were identically zero everywhere. With respect to fixed coordinates, the concentrated 
vortex and the sheet-vorticity-strength distribution (not the filaments) are moving parallel to 
and along, respectively, the x-axis at a velocity, 
U = F/4"rrh. (20) 
With the exact solution in hand, the mathematical nd numerical formulations that have 
been presented were used to compute the sheet-strength distribution and representative locity 
distributions for comparison. Since the strength distributions will be identical if the x-component 
of velocity is used, the computations were based on the satisfaction of the normal boundary 
condition. Therefore, the surface vortex sheet was divided into elementary vortex panels, and 
an equation requiring no flow normal to the surface at each control point was developed in 
terms of the concentrated vortex contribution and the contributions of all of the other panels of 
unknown strength. An auxiliary equation to be satisfied is that there be no net vorticity. The 
comparison for h = 0.3 presented in Fig. 2 shows a very good agreement between the exact 
and numerical ~//F-distributions. Velocity distributions were also computed, and an example 
for z = -0 .1  below the plane is shown in Fig. 3, where the distributions are presented as 
ratios to F. The normal velocity is very nearly zero in this example which is very good agreement, 
but as it should be, since the normal boundary condition was satisfied. However, the tangential 
component is significantly different from zero. This is attributed to run-off and truncation errors 
which can be reduced by increasing the panel density and the region covered by the panels. 
These errors appear to have a small effect on the computed ~t-distribution shown in Fig. 2, but 
these errors coupled with the linearization of "y on the panel widths are the more likely cause 
of the difference in the tangential velocity distributions hown in Fig. 3. The small errors in "y 
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Fig. 2. Computed nondimensional fiat plate vortex sheet strength distribution associated with line vortex. 
due to run-off and truncation could have been eliminated by using the tangential velocity to 
compute "¢ instead of the normal boundary condition, but the linearization of the panel distri- 
butions remains as an integral part of the procedure. Thus. while the linearization results in 
errors in the velocity field very near the vortex sheet, the differences between the exact and 
computed istributions hould reduce with increasing distance from the sheet. Further, since 
U = ~/ is used in eqn (7) for the computation of the pressure on the surface, the differences 
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in the exact and computed pressure fields on the surface should be small. A similar investigation 
was conducted for a short segment of the concentrated vortex, and the resulting comparison of 
the exact and computed three-dimensional fields exhibited similar tendencies. The complete 
details are given in Ref. 20. 
Returning now to the blade-tip and the near-field tip-vortex model, the latter model must 
join with the prescribed tip vortex at the match point, (r,,, tO,,), which is fixed and its strength 
at this point must equal that of the prescribed tip vortex, which is a value previously computed. 
Neither the geometry nor the strength distribution of the near-field tip vortex are known. For 
lack of a better model, the strength is assumed to be zero at the blade quarter chord and to 
grow in an arbitrary manner to the full strength over an arbitrary distance. This vortex as it 
develops above the blade surface requires the concurrent development of an additional surface 
vortex sheet as illustrated previously in the fiat-plate xample. Strength continuity may then 
require the shedding of an additional vortex system at the blade trailing edge. This shed system, 
if it exists, may then roll up with the tip vortex, in which case. and since it is of opposite 
rotation, the local strength of the near-field tip vortex will be reduced. Therefore, the strength- 
growth rate is formulated to permit numerical experimentation in which the near-field tip-vortex 
strength grows to a value greater than that of the far-field tip vortex and then reduces to the 
value at the match point. 
The geometry of the near-field tip vortex may be arbitrarily prescribed, adjusted by trial 
and error to give good correlation with the measured suction pressure peaks or computed using 
the force-free condition. In the latter case. the geometry is constructed by starting at the match 
point and working backward in azimuth toward the blade quarter chord. In the procedure, the 
vortex-arc length from 0 to to,. is divided into n small elements of length, Ato. The force-free 
condition requires that the vortex be aligned in the direction of the local velocity vector elative 
to the blade. The construction begins by computing the radial-, azimuthal- and axial-velocity 
components, ur, u, and u:, respectively, atthe match point, (r,,, ~,,, z,,,). Then proceeding back 
toward the blade, a point is determined in the n-I plane, such that 
r,,_~ = r,,, - ur At, (21a) 
: , , - i  = z , ,  - u :  At, (21b) 
where 
At  = (O , , In ) l ( l ]  - u , t r , , ) .  (21c) 
The points, (r,., t~,,, z,.) and (r,_ t, to,,_ t, z,_ ~), are connected with a straight-line vortex filament, 
and the process is repeated until the azimuth plane containing the blade quarter chord is reached. 
The result is a first approximation to the near-field tip-vortex geometry. 
A strength distribution is selected for the near-field tip vortex and the corresponding surface- 
vortex-sheet strength is determined in a manner similar to that for the previously discussed flat- 
plate example. Starting again at the match point, the procedure involving eqn (21) is repeated 
until an essentially force-free vortex is obtained. The rotor-vortex system is now complete xcept 
for the modeling of the vortex sheet or sheets that are required by continuity to connect he 
blade surface to the near-field tip vortex. For present purposes, this mechanism is ignored, and 
eqn (7) is used to compute the pressure distribution. 
NUMERICAL FORMULATION 
The rotor to be analyzed is identical with that used in the experimental investigation 
described in Ref. 19. The single blade is untwisted and has a constant chord and a halt-body- 
of-revolution tip. The tip radius is 24.3 in., the chord is five in.. and the airfoil section is the 
NACA 0012 section defined by eqn (2). The blade surface is divided into rectangular panels, 
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except for the half-body-of-revolution tip, where the panels are segments of lunes of equal 
angle. In each panel, the c~- and [3-vorticity components are assumed to vary bilinearly in the 
chordwise and the spanwise directions. A control point is located at the midpoint of each panel. 
The kinematic problem is solved by using the Biot-Savart la~v to find the velocity com- 
ponent, v. t, tangent to the surface at the control point, ro, and at right angles to "7 due to the 
vortex element, r ,  located at r. Thus, fo r  "y = e¢ or  ~3, 
1 fF  x (ro-  r) 
v,~ = ~ t ro -  r l  3 .t,~dS, (22) 
where F is a line-, surface- or volume-strength distribution, dS is the corresponding line, surface 
or volume element, and t.~ is the appropriate direction-cosine vector. The apparent singular 
behavior of the integrand when r0 = r is not a problem for vortex sheets. For finite-strength 
filaments, a small vortex-core volume is introduced, and the method of Ref. 23 eliminates the 
singular behavior. The near-field tip vortex and the inner-trailing vortex sheet are represented 
by straight-line segments. The far-field tip vortex is a contracting, helical filament described 
by eqn (15). A step-by-step description of the procedure follows. 
Step A. The lifting-line model is used to find the following as initial conditions for the 
iteration procedures: 
(i) effective section' angle-of-attack distribution, at(y), 
(ii) tip-vortex strength coefficient, Cr, 
(iii) nondimensional bound-circulation distribution. Cr(y). 
(iv) the geometry of the inner wake. 
Step B. The effective blade-collective-pitch angle is determined at the ),-station, where 
Cr(y) is a maximum by using eqn (I). An initial blade-surface distribution of the a-vorticity 
is determined by treating each blade section as two-dimensional, satisfying the normal boundary 
condition for unit flows perpendicular nd parallel to the chord line with the Kutta condition 
satisfied off the trailing edge, and using eqn (3). 
Step C. The near-field inner-vortex wake geometry is modified as shown in Fig. 4. The 
inner-trailing-vortex filaments are arbitrarily shifted from the lifting line to the blade trailing 
edge. 
Step D. Initial values of the strengths of the inner-trailing filaments are obtained from the 
results of Step A using the continuity condition that Cr, = [2aCr(y)/-Xy] ~v. With the strengths 
and geometries of the trailing inner filaments and the far-field tip vortex now known, eqn (22) 
is used to compute the corresponding contributions to the flow velocity that is tangent o the 
blade surface at each control point. 
Step E. Using the initial ot-vorticity distribution from Step B and the continuity condition 
expressed by eqn (4), an initial [?,-vorticity distribution is computed. 
Step F. With initial and approximate values now known for the entire vortex model except 
for the near-field tip vortex, its geometry is computed as described previously or is prescribed. 
In addition for the numerical experimentation, a strength distribution along the vortex is selected. 
Step G. Using eqn (22), the contribution of the near-field tip vortex to the tangential 
velocity at the control points is calculated. 
Step H. The contribution from the blade-rotational velocity at each control point is deter- 
mined from 
v~,, = -~ x r,,. t.,. (23) 
Step 1. The values for the (x- and [3-sheet strengths obtained in Steps B and E are for the 
panel nodal points. To construct he vortex-panel-sheet-strength dis ributions, o~ and [3 are 
assumed to vary bilinearly between odal points. Equation (10) is then used to compute the 
contribution of the blade-surface sheet at all of the control points. 
Step J. The above steps yield the five contributions required in eqn (9a): Step 1, v.ch,; Step 
D, vv, ~ and v,f~,; Step G, v~..: and Step H, vvr~. Equation (9b) then gives the updated a- and [3- 
s2 
Numerical investigation of blade tip Ioadings 
~ ~ D L 
VORTEX SHEET 
X FILAMENT 
(a) 
. . . . .  Unmodif ied F i lament  Geometry 
Mod i f ied  F i lament  Geometry 
" 20 
30 
lO 
65 
~ ~ - - ~ - - - ~ _ ~  PLANE OF ROTATION 
VORTEX SHEET FILAMENT 
(b) 
Fig. 4. Inner wake geometry modification: (a) top view: (b) section view. 
sheet strengths at the control points. The strengths at the panel nodal points are obtained by 
linear interpolation between control points. 
Step K. An updated inner-trailing-filament-strength dis ribution is constructed from the 
results of Step J and Steps D, F, G, H, I and J are repeated until acceptable convergence is 
obtained. Alternatively, the option exists for updating the inner-trailing sheet and the near-field 
tip-vortex geometries, the tip-vortex strength, the effective-blade collective-pitch angle and the 
blade-coning angle or specified combinations thereof. 
Step L. After convergence is obtained, the surface-pressure distribution is obtained from 
eqn (7). The pressure distribution is converted to pressure-coefficient distribution by dividing 
by the dynamic pressure based on local blade speed or tip speed as desired. As a final check, 
the normal component of velocity at the control points is computed using a procedure similar 
to that for finding the tangential components. 
RESULTS AND DISCUSSION 
The emphasis in the numerical experimentation results that follow is on the geometry and 
strength-growth rate of the near-field tip vortex. This vortex segment is defined as that part of 
the tip vortex between the blade and the ~ = 15" plane where it links with the prescribed far- 
field tip vortex. The formation of the tip vortex is recognized as a complex phenomenon which 
will require viscous flow analysis for a more complete and accurate description. However, for 
this exploratory investigation, simple models of the geometry and growth rate are used to try 
to gain some insight on the magnitude of the overall problem. Some details of the nine case 
studies of Ref. 20 are given below. Two values of the blade-collective-pitch angle, 0 = 6.17 ° 
and 11.4 °, are considered 
Case 1 : 0 = 11.4 °. This was a time-consuming, laborious, trial-and-error p ocess in which 
an attempt was made to match the measured suction-pressure p aks at the y/Y = 0.995 station. 
The far-field tip-vortex strength, the inner-trailing wake geometry, and the effective-blade-pitch 
~,~ THO~,IAS C. WEV and Roalx B. GR.\'~ 
angle were determined from the lifting-line model. The strength of the near-field tip vortex was 
assumed to vary quadratically from zero at the airfoil quarter chord to full strength at the trailing 
edge. its geometry was adjusted by trial and error. The iteration process was as described before 
except for the near-field tip-vortex effect which was treated as an additive quantity. Preliminary 
results showed that better comparisons in pressure distributions could be obtained by permitting 
small offsets between the near-field and far-field tip-vortex segments at the match point; that 
is. perfect alignment was not required at the match point. Although this approach is not a viable 
one. the results are presented as an indication of what can be expected from this overall procedure. 
Figures 5(a)-5(f) compare the measured with the computed pressure coefficient distribu- 
tions at v/Y = 0.94.0.966, 0.98, 0.987, 0.991 and 0.995, respectively. In general, the agree- 
ment is good except near the trailing edge where the effect of the tip vortex predominates. The 
magnitudes and chordwise locations of the suction peaks near the leading edge are also in good 
agreement indicating that the "'tip-relief" effect appears to be satisfactorily modeled. The 
agreement at the v/Y = 0.995 station is very good (except on the upper surface in the vicinity 
of the midchord location), but this is expected, since the distribution at this y/Y-station was 
used in the determination of the near-field tip-vortex geometry. At the inboard stations, the 
computed surface-pressure-coefficient distribution associated with the tip vortex is either greater 
or less than that measured depending on the station. Also. the area of the blade surface affected 
by the simple tip-vortex model is of greater extent than that indicated by the measured pressure 
distributions. 
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Case 2:0  = 11.4 °. In Case 1, the near-field tip vortex was not force free. In this case, 
the geometry determined in Case I was prescribed initially but was permitted to seek its force- 
free location during the iterative procedures. The geometry did not change very much. This is 
attributed to the fact that the a-distribution did not change appreciably during each iteration 
and that the a-distribution appears to be the dominant factor in satisfying the force-free condition, 
at least within the limitations of the modeling. The results are similar to those of Case I. An 
example is shown in Fig. 6 for the y/Y = 0.995 station. 
Case 3:0  = 11.4 °. This model was the same as Case 2 except that the small offset 
permitted at the tip-vortex match point was eliminated, and both constant and linear-growth 
rates of the near-field tip vortex were specified. Figure 7 is a comparison of the measured 
distribution at y/Y = 0.995 with the results for constant and linear-growth rates in which the 
full tip-vortex strength is reached at x/c = 0.85. In general, the pressure-coefficient distribution 
is overestimated. Figure 8 is the same comparison in which the full strength is reached at 
x/c = 1.12. In general, the distribution is underestimated. The results[20] show that the dis- 
tribution inboard of y/Y = 0.966 is insensitive to both growth rate and the point where full 
strength is reached. Outboard of this station and on the upper surface in the vicinity of 
x/c = 0.6, the constant growth rate predicts higher-suction pressures than the linear-growth 
rate. For the case in which the full strength is reached at x/c = 1.12, the differences hown 
for the linear or quadratic increases in strength (constant or linear-growth rates) are small. 
Case 4:0  = 11.4 °. To reduce the computing costs, the panel number in the spanwise 
direction was reduced from 18 to 12 elements as shown in Fig. 9. The number of chordwise 
elements was unchanged. Case 2 was recalculated to assess the effect. In general, the agreement 
is better overall and examples for the y/Y = 0.991 and 0.995 stations are presented in Figs. 
lO(a) and 10(b). It is not clear why this occurred. An explanation was not sought because the 
effort did not appear to be justified from a cost-benefit viewpoint and the otherwise xploratory 
aspects of the investigation. 
Case 5:0  = 11.4 °. The near-field tip vortex as it develops above the blade tip contributes 
to the blade-surface-vortex-sheet strength. This contribution has been accounted for in the 
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previous cases as indicated by the change in pressure coefficient in this region. The question 
arises as to whether any or all of this particular contribution to the surface vorticitv is shed at 
the blade trailing edge. Its circulation is of opposite direction to that of the tip vortex, and since 
it would be in close proximity to the tip vortex, it is likely, if it is shed, to roll up with the 
near-}'ield tip vortex thereby reducing its strength as seen bv an outside observer. To account 
for this possibility and to retain the line-vortex model, the strength of the near-field tip vortex 
was assumed to grow' from zero at the quarter chord to a value at the trailing edge that is 1.2 
times the far-field tip-vortex strength and then to decrease to the latter value at the match point 
smoothly. Other than for this prescribed growth in strength, the procedures were the same as 
for Case 4. The comparisons at v/Y = 0.991 and 0.995 are in Figs. I I(a) and 1 l(b). In further 
comparison with Figs. 10(a) and 10(b), there is little change on the lower surface and, on the 
upper surface, the agreement with experiment is poorer toward the leading edge and better 
toward the trailing edge. At other inboard stations, the results[201 at v/Y = 0.987 and 0.98 
still show poor argreement on the upper surface near the trailing edge where the effect of the 
tip vortex is overestimated. Further inboard at v/Y = 0.966 and 0.94, the differences with 
Case 4 are not significant. 
Case 6:0  = 11.4 °. This was identical with case 5 except that the overshoot in the near- 
field tip-vortex strength was 1.34 times the strength of the far-field tip-vortex strength. The 
results{20] were essentially the same with slightly better agreement with experiment on the 
upper surface and slightly poorer agreement on the lower surface. The better agreement with 
experiment very near the trailing edge in both Cases 5 and 6 is not considered to be a validation 
of this near-field tip-vortex strength distribution model, since strength continuity is not preserved 
in the tip region. 
Case 7:0  = 6.18 °. For this case, the blade-pitch angle was reduced and the procedures. 
and models of Case 4 were used. The comparisons between computed and measured pressure 
coefficient distributions are given in Figs. 12(a)-I 2(f). There is good agreement at3'/Y = 0.995, 
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but the agreement is poorer on both the upper and lower surfaces at all inboard stations and aft 
ofx/c  = 0.6. The computed near-field tip-vortex geometry is given in Fig. 13. 
Case 8:0  = 6.18 °. In all cases considered previously, the far-field tip-vortex strength, 
the blade-effective-pitch angle, and the inner-vortex wake geometry were determined from the 
lilting-line model and held fixed for the iteration procedures. However, in all cases it was found 
that the maximum blade-bound vortex strength and location changed from iteration to iteration 
and that the final values were appreciably different from those initial values obtained from the 
lifting-line model. In addition, the computed thrust coefficients were as much as 10% higher 
than that measured, although this difference was reduced to approximately 3% in Cases 4-6.  
In this case, the effective-blade pitch angle and the maximum bound vortex strength were 
reevaluated at the end of each iteration and used as input for the next iteration in which the 
far-field tip-vortex strength was set equal to the new maximum bound strength. The comparisons 
with experiment are shown in Figs. 14(a) and 14(b) for v/Y -- 0.991 and 0.995. In comparison 
with the results in Case 7, the agreement is poorer near the trailing edge at the 0.995 station 
but is somewhat better at all inboard stations. The computed and measured thrust coefficients 
are also in better agreement. 
Case 9:0  = 11.4 °. In this last case, the two refinements of Case 8 were retained, and 
two additional refinements were introduced. Thus new values of the effective blade-pitch angle 
and the far-field tip-vortex strength were computed at the end of each iteration for input into 
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the next iteration as in Case 8. In addition, the geometry of the inner-trailing wake was adjusted 
and a method of predicting the strength-growth rate of the near-field tip vortex was introduced 
between each iteration. The procedure was otherwise as for Case 4 where the near-field tip 
vortex reached full strength at the trailing edge. 
The force-free inner-wake geometry, was adjusted to be consistent with the changed values 
of the blade bound vortex strength and the far-field tip-vortex strength. The procedure was the 
same as described before. An estimate of the near-field tip-vortex growth rate was obtained 
from the results of Step K in the Numerical Formulation. This estimate was computed by 
assuming that the tip-vortex strength would grow at the same rate as in the integral of the blade 
upper-surface [B-distribution between the point of maximum blade bound circulation and the 
blade tip as determined for various chordwise stations. Thus the normalized strength distribution 
function of the near-field tip vortex is computed from 
f v [B(x, y) dy - [B(x,, y) dv 
S(x) = v v x , -<x-  1 (24) 
f [B(l,y) dy -  f [B(x,.y) dv 
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and 
F°,~ = S(x)F,,v. (25) 
where in eqn (24), the lower limit of the integrals is the y-station of the maximum bound 
circulation, the upper limit is the y-station at which the half-body-of-revolution tip begins, xs 
is the chordwise station at which the tip vortex is assumed to separate from the blade surface, 
and the first integral in the denominator is evaluated at the blade-trailing edge. It was recognized 
that the assumption ofconcurrent growth rates may be incorrect, since classical theory indicates 
that the surface-sheet-strength growth will lag that of a line vortex of prescribed increasing 
strength in the vicinity of a fiat plate. 
The computed pressure coefficient distributions are shown in Figs. 15(a) and 15(b) for 
y/Y = 0.991 and 0.995. The comparison with measured data near the trailing edge on the upper 
surface in the area dominated by the tip vortex shows that the chordwise loading is significantly 
underestimated. It would appear from the results of Case 3 that the computed growth rate may 
be too slow. Thus, as noted above, it would seem that the assumption upon which eqns (24) 
and (25) were based is not a good one. For stations further inboard, the loading is still over- 
estimated in the area dominated by the tip vortex. In general, the measured and computed 
loadings forward of the 60% chord station are in better agreement on the upper surface and 
poorer agreement on the lower surface. However, the computed thrust coefficient agrees with 
the measured value within experimental error. 
The thrust-coefficient loadings, dCr/dr vs r/c, ot)tained from the lifting-line model and 
the final iteration of this case are compared in Fig. 16. As noted before, the lifting-line model 
results in a significantly higher maximum-thrust loading (and hence maximum bound circulation) 
than the final iteration for the thick blade. The negative values in loading near the blade tip for 
the lifting-line model are characteristic of this modeling where the induced velocities reach high 
values as the tip vortex is approached. An infinite value is avoided by assuming a solid-body- 
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rotation core for the tip vortex. In practice, calculations in this region vet,/ near the tip vortex 
are not made, and the loading curve is faired to zero at the tip. 
CONCLUDING REMARKS 
As based on inviscid, incompressible flow modeling and comparisons with single-bladed 
rotor data in hovering, the results described herein from numerical experimentation the 
strength-growth rate and geometry of the near-field tip vortex show the following: 
(l) The computed pressure distributions on the lower blade surface at all blade-pitch angles 
are relatively insensitive to the near field tip vortex geometry and strength distribution. 
However, a quadratic strength distribution in which full strength is reached at or aft 
of the blade trailing edge gives a better overall agreement with experiment. The results 
of Case 4 show very good to excellent agreement everywhere on the lower surface 
except inboard near the trailing edge. The locations and magnitudes of the pressure 
peaks near the leading edge are in very good agreement with experiment and the "'tip- 
relief" effect seems to be adequately modeled. 
(2) On the upper surface at the 94% and 96.6% radial stations and for all blade-pitch 
angles, the computed pressure distributions are again relatively insensitive to the near- 
field tip-vortex geometry and strength distribution. At and outboard of the 98% radial 
station, there are significant differences between the various cases studied. In general, 
the quadratic-strength distribution with the full strength at or aft of the trailing edge 
gives a better overall agreement with experiment forward of a line joining the 40% 
chord station at the 99.5% radial station and the 80% chord station at the 98% radial 
station (the region aft of this line is where the near-field tip vortex predominates the 
pressure distribution). The locations and magnitudes of the suction-pressure p aks near 
the leading edge are in good agreement with experiment, and the "tip-relief" effect 
also seems to be adequately modeled. 
(3) The results indicate that excellent agreement can be attained at any one radial station 
by the proper adjustment of the near-field tip-vortex geometry and strength distribution. 
However, this single-line model will result in poor agreement at other locations in the 
region. In general, it appears that by matching the peak-suction pressures, the computed 
area of predominance is considerably larger than that measured. The reason for this 
is not understood. It may be a result of not providing strength continuity between the 
blade surface and the tip vortex, an indication that a line vortex is not a good model 
for the physical field of distributed vorticity, an indication that there are other regions 
of vorticity which have not been accounted for or a result of unanticipated effects. 
(4) The empirical correction which involved the determination of an effective (reduced) 
blade-pitch angle to account for Reynolds-number ffects appears to be justifiable, at 
least for the particular set of experimental data employed. 
(5) The provision of a method for updating the effective blade-pitch angle and the far- 
field tip-vortex strength between iterations resulted in a better overall agreement with 
experimental data. 
(6) Further refinements providing for updating the inner-wake geometry and strength dis- 
tribution and for computing the near-field tip-vortex strength distribution resulted in 
somewhat poorer agreement on the lower surface and on the upper surface near the 
tip. It is believed that the major part of the discrepancy is due to the strength distribution 
used for the near-field tip vortex. 
t7) The maximum blade bound-circulation strength computed from the lifting-line model 
is appreciably different from that computed from the final c~-vorticity distribution. This 
latter value resulted in excellent agreement between measured and computed thrust. 
Overall, the method yields accurate pressure distributions in the tip region that is not 
dominated by the formation of the tip vortex and good qualitative distributions in the area that 
is. The vorticity redistribution process has the advantage of avoiding the necessity of inverting 
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a large matrix and predicts details of the blade loading that are unobtainable from lifting-line 
and lifting-surface approaches. Continuing investigations are directed toward removing the 
empiricisms that have been introduced. Toward that end, a viscous flow model is being studied 
for the tip-flow field and an experimental program is underway to determine the details of the 
tip-vortex structure. The long-term goal is to account tbr Reynolds- and Mach-number effects 
and to develop a method for predicting the geometry of the tip vortex. 
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